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Abstract. A version of Rivlin’s cube problem is considered for compressible materials. The cube is stretched along
one axis by a fixed amount and then subjected to equal tensile loads along the other two axes. A number of gen-
eral results are found. Because of the homogeneous trivial and non-trivial deformations exact bifurcation results
can be found and an exact stability analysis through the second variation of the energy can be performed. This
problem is then used to compare results obtained using more general methods. Firstly, results are obtained for a
more general bifurcation analysis. Secondly, the exact stability results are compared with stability results obtained
via a new method that is applicable to inhomogeneous problems. This new stability method allows a full nonlinear
stability analysis of inhomogeneous deformations of arbitrary, compressible or incompressible, hyperelastic materi-
als. The second variation condition expressed as an integral involving two arbitrary perturbations is replaced with
an equivalent nonlinear third order system of ordinary differential equations. The positive definiteness condition
is thereby reduced to the simple numerical evaluation of zeros of a well behaved function.
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1. Introduction

The purpose of this paper is twofold. Firstly, we investigate one version of Rivlin’s cube prob-
lem [1, 2] for compressible materials. In the course of this investigation we look at the rela-
tionship between the bifurcation criterion and the stability criterion. The actual problem that
we consider is the case of equi-biaxial loading of a cube. All deformations are assumed to
be homogeneous and the simplicity of the problem allows us to make considerable analytic
progress.

The corresponding problems for incompressible materials have been considered by sev-
eral authors. Results for the bifurcation problem have been given by Wu and Widera [3] for
Mooney–Rivlin materials (which are equivalent to Neo-Hookean materials for this problem).
More general bifurcation results are given by Sawyers and Rivlin [4]. Additional results and
a review can be found in [5, 6]. For stability of both the trivial and non-trivial solutions we
require that the second variation of the total energy be positive. See [7] and [8] for the formu-
lation of this problem and some general results. The stability problem for an incompressible
cube has been considered by Sawyers and Rivlin [9] where the cube was assumed to be com-
posed of Neo-Hookean material. Because of the homogeneous deformation it is possible to
factorise the argument of the second variation and so stability results follow in a straightfor-
ward way.

For the compressible problem considered here Ogden [10] has given some general results
and also results for specific strain-energy functions. We show in general that the trivial and
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non-trivial solution, should one exist, are perpendicular when plotted in the plane of the prin-
cipal stretches. Also, bifurcation points occur at and only at turning points of the non-trivial
loading and all bifurcation points are neutrally stable. Rivlin and Beatty [11] have recently
looked at the full cube problem for compressible materials.

In a recent paper Chen and Haughton [12] have developed a method to study the full nonlin-
ear stability of inhomogeneous deformations based on the second variation of the energy. The
method is quite general and can deal with full three-dimensional problems [13]. The method
involves the solution of a nonlinear system of ordinary differential equations for yi(x), say,
where the range of the subscript i depends on the dimension of the problem. Stability is ulti-
mately determined by the positive definiteness of a simple matrix based on yi evaluated at one
end of the domain. For two-dimensional problems, such as the one we consider here, we have a
third-order system. For a three-dimensional problem we need a sixth order system. In contrast
the corresponding bifurcation criterion for two-dimensional problems involves the solution of
a linear fourth-order system (and a linear sixth-order system for a three-dimensional problem).

Our second aim in this paper is to apply the method proposed by Chen and Haughton [12]
with a view to comparing results with both bifurcation and stability results obtained more
directly. By adjusting parameters in the problem a wide variety of different types of bifurca-
tion behaviour can be investigated. We can also look at problems where there is a loss of ellip-
ticity. For the inhomogeneous problems investigated using the method of Chen and Haughton
[12], Haughton and Kirkinis [13, 14] the matrix determining stability has always become neg-
ative semi-definite through the determinant becoming zero. By considering different types of
bifurcation mode we investigate the possibility of other methods of loosing positive definite-
ness.

2. Basic equations

We consider the homogeneous deformation of a compressible elastic cube

0≤X ≤A, 0≤Y ≤A, 0≤Z ≤A, (1)

where (X,Y,Z) are the material cartesian coordinates. The body is composed of a homoge-
neous, isotropic, compressible elastic material in the reference configuration. It is assumed to
undergo the homogeneous deformation

x =λ1X, y =λ2Y, z=λ3Z, (2)

where (x, y, z) are the spatial cartesian coordinates, and λi , i = 1,2,3 are the constant, posi-
tive, principal stretches. The deformed cube then occupies the region

0≤x ≤b=λ1A, 0≤y ≤a =λ2A, 0≤ z≤λ3A. (3)

We suppose that the deformation is accomplished by equi-biaxial dead loads T applied to the
sides X=0,A and Y =0,A with the remaining sides Z =0,A held a fixed distance apart. The
axial stretch λ3 can then be regarded as a prescribed parameter for this problem. The equi-
librium equations are automatically satisfied for this homogeneous deformation and the dead
loading T is given by

T =W1 =W2, (4)
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where W(λ1, λ2, λ3) is the strain-energy function of the material and subscripts indicate par-
tial differentiation, Wi =∂W/∂λi . Since the material is assumed to be isotropic W is symmetric
in its arguments. The second equation in (4) then gives either

λ1 =λ2, (5)

which we shall refer to as the trivial solution, or,

W1 =W2, λ1 �=λ2. (6)

Taking the limit as λ2 →λ1 =λ, say, in (6), and using the symmetry of W in λ1 and λ2, we
obtain the bifurcation point where the trivial and non-trivial solutions cross. This is given by

W11(λ, λ, λ3)=W12(λ, λ, λ3). (7)

The non-trivial solution (6) can be regarded as an implicit equation for λ2(λ1). Using this
interpretation and differentiating with respect to λ1 we have

dλ2

dλ1
= W11 −W12

W22 −W12
. (8)

If we look at the limiting case λ2 →λ1 =λ, by using (4)2, l’Hôspital’s rule and the symmetry
of W in λ1 and λ2 we have

dλ2

dλ1

∣
∣
∣
∣
λ1=λ2=λ

=±1, (9)

for all materials and any λ3. Clearly dλ2/dλ1 =1 corresponds to the gradient along the trivial
solution (λ1 =λ2) and dλ2/dλ1 =−1 to the non-trivial (post bifurcation) solution, should one
exist. Hence at a bifurcation point the trivial and non-trivial solutions are perpendicular in
the (λ1, λ2) plane. Also, from (4)1,

dT

dλ1
=W11 +W12

dλ2

dλ1
= W11W22 −W 2

12

W22 −W12
. (10)

Taking the limit as λ2 →λ1 =λ along the non-trivial solution path we have

dT

dλ1

∣
∣
∣
∣
λ1=λ2=λ

=W11(λ, λ, λ3)−W12(λ, λ, λ3). (11)

Hence, by comparing (7) with (11), we see that if a bifurcation point exists (and it may not
for some combinations of material parameters and stretch λ3) then it must occur at a sta-
tionary point of the non-trivial loading where T is regarded as a function of λ1. That is, a
stationary point of the non-trivial solution path.

We also note that if we consider the loading along the trivial path λ1 =λ2 =λ, say, then
(4) gives

dT

dλ
=W11(λ, λ, λ3)+W12(λ, λ, λ3). (12)
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3. Formal bifurcation analysis

For completeness we give a very brief description of the incremental equations that can be
found in [5], for example. We then show how the bifurcation criterion (7) is recovered. In the
absence of body forces the incremental equilibrium equations can be written

div ṡo =0 , (13)

where div is the divergence operator in the current configuration and ṡo is the increment in
the nominal stress evaluated in the current configuration. The incremental surface loading is
given by

ṡT
o n , (14)

where n is the unit outward normal to the surfaces. The incremental constitutive law is

ṡo =BηT , (15)

where B is the fourth-order tensor of instantaneous moduli in the current configuration, I is
the identity and we have written η for Ḟo, where F is the deformation gradient. The non-zero
components of B, given in [5, p. 343] in a different notation, are

Biijj =Bjjii = λiλj

J

∂2W

∂λi∂λj

,

Bijij =λ2
i

σi −σj

λi
2 −λj

2
, i �= j, λi �=λj ,

Bijij = (Biiii −Biijj +σi)/2, i �= j, λi =λj ,

Bijij −Bijji =Bijij −Bjiij =σi, i �= j,







(16)

where

σi = λi

J

∂W

∂λi

, J =λ1λ2λ3 , (17)

are the principal values of the Cauchy stress tensor. We shall assume that the Baker-Ericksen
inequalities hold [15, p. 158] so that Bijij >0, for i �=j . The cube is subjected to an incremen-
tal displacement of the form

ẋo = (u(x, y), v(x, y), 0), (18)

with respect to Cartesian coordinates. Hence η has components

η=




ux uy 0
vx vy 0
0 0 0



 , (19)

where subscripts denote partial derivatives.
We suppose that there is no incremental displacement normal to the surfaces y =0, a and

that there is no incremental shear stress on these surfaces. From (14), (15) and (16) we then
have

v =0, uy =0, y =0, a. (20)

The incremental loading on the surfaces X =0,A is taken to be zero so that

ṡT
o n=0 , x =0, b, (21)



Comparison of stability and bifurcation criteria 83

where we recall that b=λ1A. We look for separable solutions and write

u=fn(x) cos
(nπy

a

)

, v =gn(x) sin
(nπy

a

)

, (22)

where there is implied summation n=0 . . .∞. Substituting (19) with (22), (16) and (17) in (13)
we obtain

B1111
d2

dx2
f (x)−B2121 α2f (x)−α (B1122 +B1221)

d
dx

g(x)=0, (23)

and

α (B1122 +B1221)
d

dx
f (x)−B1212

d2

dx2
g(x)+B2222 α2g(x)=0, (24)

where

α = nπ

a
. (25)

We shall continue by assuming that we are on the trivial solution (λ1 = λ2) as this affords
some simplification. The problem for the non-trivial solution follows in a very similar but
more complicated way. Eliminating g(x) between (23) and (24) we obtain the single equation

d4

dx4
f (x)−2 α2 d2

dx2
f (x)+α4f (x)=0 , (26)

where we have used (16) and made the assumption that B1111 �=0 and B1122 +B1221 �=0. These
special cases are considered below. Equation (26) can be solved and we write the solution as

f (x)=C1 cosh(α x)+C2 sinh(α x)+C3 x cosh(α x)+C4 x sinh(α x) , (27)

where Ci , i =1, . . . ,4 are constants.
The four remaining boundary conditions (21) can be written

B1122 B1212 B1111 f ′′′ + (B1122
3 − (B1122 +B1221)B1111

2 +2 B1122
2B1221

− (B1212 −B1221) (B1212 +B1221)B1122) α2f ′ =0 , (28)

B1212 B1111 f ′′ +α2(B1221
2 −B1212

2 +B1122 B1221)f =0 , x =0, b .

Since we are on the trivial solution b=a.
If we now substitute the solution (27) in the four boundary conditions (28) we have four

homogeneous equations for the four constants of integration Ci , i =1, . . . ,4. The bifurcation
criteria is that there exists a non-trivial solution to these equations. This leads to the require-
ment that a 4×4 determinant should vanish. After some manipulation the bifurcation criteria
can be factorised and we require that

(B1111 −B1122)
2 B2

1111

{

(B2
1111 −B2

1122 +3B1111 σ1 +B1122 σ1)
2(cosh2(nπ)−1)

− (B1111 −B1122)
2 (B1111 +B1122 −σ1)

2 n2π2
}

B2
1212 =0 , (29)

along the trivial solution path (b=a). An equivalent but rather longer equation is found for
the non-trivial path in a straightforward way. There are two possible bifurcation modes since
B1212 > 0 from the Baker-Ericksen inequalities and we have assumed for the moment that
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B1111 �= 0. Clearly we recover the homogeneous bifurcation criterion (7) and one other pos-
sibility. This second possibility,

(B2
1111 −B2

1122 +3B1111 σ1 +B1122 σ1)
2(cosh2(nπ)−1)

− (B1111 −B1122)
2 (B1111 +B1122 −σ1)

2 n2π2 =0 , (30)

reflects the more general character of the bifurcation analysis where the post-bifurcation is
arbitrary rather than being constrained to be homogeneous. This particular mode does not
feature in our calculations presented below.

There are two special cases, if B1111 =0 for some value of λ then it is easily shown that g

is arbitrary apart from the requirement that both g and g′ satisfy zero boundary conditions.
In this special case we also have f =g′/α and so the boundaries do not move and the square
shape is retained. The deformation does however become inhomogeneous and so we have a
form of “internal” bifurcation. We note that the condition

Biiii >0 , (31)

is a necessary condition for strong ellipticity, see Ogden [5, p. 416], for example.
If B1122 + B1221 = 0 then we do not get such a simple solution for f (x). Eventually we

arrive at the bifurcation criterion (7) again so there is nothing new.
To illustrate possible behaviour we consider simple “single-term” strain-energy functions of

the form

W(λ1, λ2, λ3)=2 µ
{

λ1
m +λ2

m +λ3
m +β (J −1)2 −m(J −1)−3

}

/m2 , (32)

where µ is the positive ground state shear modulus, m �= 0, not necessarily an integer, is a
material parameter and β can be written

β =m(3κ m−2 mµ+6µ)/12µ, (33)

in terms of the bulk modulus κ. This class of materials is chosen simply to illustrate differ-
ent types of behaviour. Mathematically this is convenient but they are not necessarily a good
choice for actual material modelling. For such materials the equilibrium equation (W1 =W2)

can be written

6 (λ1
m−1 −λ2

m−1)− (λ1 −λ2) λ3 (2 m−12−3 κ̄ m+J (3 κ̄ m−2 m+6))=0 , (34)

where κ̄ =κ/µ. Clearly, λ1 =λ2 is the trivial solution and, depending on the material parame-
ters and the stretch λ3, there may be other solutions λ2(λ1), at least for some range of values
of λ1.

If we take J ≡ 1 in (32) we have a class of single-term incompressible materials. Ogden
[5] has shown that, for these incompressible materials, m = 1 is a special case and typical
post-bifurcation behaviour is different depending on m > 1 or m < 1. The situation is rather
more complicated for compressible materials due to the extra parameter κ. It turns out that
m = 1 in (32) is a special case. However, we can construct other compressible strain-energy
functions that reduce to the same incompressible materials when J ≡1 where m=1 does not
show any particularly special features. One such strain-energy function is given by

W(λ1, λ2, λ3)=2 µ
{

λ1
m +λm

2 +λ3
m +β log(J )− (m+β) (J −1)−3

}

/m2 , (35)

with

β =m(2 mµ−3κ m−6µ)/6µ. (36)



Comparison of stability and bifurcation criteria 85

–1

0

1

2

3

4

5

0.5 1 1.5 2 2.5 3

T
Ttriv

λ2(λ1)

λ2(λ1)
λ2=λ1

λ2=λ1

λ1
–2

–1

0

1

2

3

0.5 1 1.5 2 2.5 3

T

Ttriv

λ1

(a) (b)

Figure 1. Plot of the deformation λ2(λ1) and the loading T/µ for both the trivial and non-trivial solutions against
λ1. The material used is (32) with (a) m=−4, κ/µ=5, λ3 =1·5, (b) m=−4, κ/µ=5/4, λ3 =1.

We now look at some numerical results for specific cases. In Figure 1a we plot two pairs
of curves for the strain-energy function (32) with m=−4, λ3 =1·5 and κ/µ=5. This represents
a very highly compressible material, something like foam rubber. Since there is a pre-stretch
λ3 = 1 ·5 the trivial loading T will be zero for λ1 = λ2 � 0·8539. The straight line passing
through the point (3,3) is the trivial solution λ2 = λ1 plotted against λ1. The curve mono-
tonically decreasing with λ1 is the non-trivial deformation λ2(λ1). These two curves intersect
at the bifurcation point given by λ1 = 0·9668, approximately. The other pair of curves show
the loading T/µ. The curve passing through the point (0·8539,0) is the trivial loading with
λ1 =λ2 (Ttriv). The remaining curve is the loading along the non-trivial path T (λ1, λ2(λ1))/µ.
We note that these two curves intersect at a local minimum of the non-trivial loading, again
at λ1 � 0·9668. This might be thought of as the usual or normal case where the plot of the
two loading curves gives a pitchfork bifurcation. In Figure 1b we plot two pairs of curves
for the strain-energy function (32) with m=−4, λ3 =1 and κ/µ=5/4. The straight line pass-
ing through the point (2,2) is the trivial solution λ2 =λ1 plotted against λ1. The curve mono-
tonically decreasing with λ1 is the non-trivial deformation λ2(λ1). These two curves intersect
at the bifurcation point given by λ1 �1·285. The other pair of curves show the loading T/µ.
The curve passing through the point λ1 = 1 is the trivial loading with λ1 =λ2. We note that
in this case these two curves intersect at a local maximum of the non-trivial loading, again at
λ1 �1·285. Here the non-trivial loading also exhibits two local minima. From (11) these occur
at λ1 �0·684 and λ1 �5·33. In this case sub-critical non-trivial solutions exist which will inev-
itably lead to a more complicated stability picture. We shall investigate this below. Compar-
ing Figure 1a and b we see that modest changes in the parameters can produce qualitatively
different outcomes.

4. Exact stability analysis

Since we have dead loading or a rigid displacement on the boundary of the cube, the defor-
mation will be stable if and only if the second variation of the energy is non negative. Starting
with the total energy

E =
∫

�

W dV −
∫

S1

T.(x −X) dA, (37)



86 D.M. Haughton

where � is the volume of the cube in the reference configuration. The second integral is the
work done by the traction T acting on the four sides S1. Admissible variations ẋ are zero on
the two sides perpendicular to the 3-direction. We then have

Ė =
∫

�

WF[∇ẋ]dV −
∫

S1

T .ẋ dA, (38)

where a dot denotes the variation (increment) of a quantity and ∇ is the gradient operator
in the reference configuration. Taking the second variation we have

Ë =
∫

�

{∇ẋ ·WFF[∇ẋ]+WF[∇ẍ]} dV −
∫

S1

T . ẍ dA. (39)

The second and third terms in (39) can be eliminated by a standard calculation. We do this
by using the divergence theorem combined with the equilibrium equations, DivWF =0 and the
boundary conditions (WF)T N = T on S1, where N is the unit outward normal. The stability
condition then becomes

Ë =
∫

�

{∇ẋ ·WFF[∇ẋ]} dV >0 . (40)

The quadratic integral inequality (40) will be used to determine the stability of the deforma-
tion x(X). The derivation of (40) is valid for deformations of general form. However, for the
simple problem that we are considering the components of WFF in (40) are all constants.

The second variation (40) is written in Lagrangian form and we continue with that for-
mulation here. Let u(X,Y ) and v(X,Y ) be the first and second Cartesian components of the
variation ẋ. In the undeformed Cartesian coordinate system, ∇ẋ has the following component
form

∇ẋ =




uX uY 0
vX vY 0
0 0 0



 , (41)

where a subscript denotes the partial derivative. The non-zero components of WFF are given
by

(WFF)iijj =Wij , (42)

and

(WFF)ij ij =Wijij = λiWi −λjWj

λ2
i −λ2

j

,

(WFF)ijj i =Wijji = λjWi −λiWj

λ2
i −λ2

j

,







i �= j , λi �=λj (43)

with

(WFF)ij ij =Wijij = (

λiWii −λiWij +Wi

)

/2λi ,

(WFF)ijj i =Wijji =
(

λiWii −λiWij −Wi

)

/2λi ,

}

i �= j , λi =λj , (44)

where one or two subscripts on W denote partial differentiation with respect to λi . The case
of four subscripts is just notation. We now find that the integrand in (40) can be written

∇ẋ ·WFF[∇ẋ]=W11u
2
X +W22v

2
Y +2W12uXvY +W1212(u

2
Y +v2

X)+2W1221uY vX. (45)
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Since the coefficients of the incremental displacements in (45) are all constants, the deforma-
tion is stable if and only if

W11

(

uX + W12

W11
vY

)2

+v2
Y

(

W22 − W 2
12

W11

)

+W1212

(

uY + W1221

W1212
vX

)2

+v2
X

(

W1212 − W 2
1221

W1212

)

>0 , W11 �=0 . (46)

We could, of course, write this in other ways. From (46) we deduce that the deformation
is stable if and only if

W11 >0 , W22 >0 , W11W22 −W 2
12 >0 , W 2

1212 −W 2
1221 >0 , (47)

since W1212 >0 by the Baker–Ericksen inequalities [15, p. 343].
In the preceeding sections, we have derived a general bifurcation equation (29) and the sta-

bility condition that (45) be positive definite. In order to make a direct comparison we rewrite
the stability condition (40) using Eulerian variables. We have

∇ẋ =ηF , (48)

and in Cartesian component form we can write

(WFF)ijkl =JF−1
jp F−1

lq Bpiqk , (49)

which follows from (16) and (42–44), see also Ogden [5, Equation 6.1.29]. Hence we can write

Ë =
∫

�

{∇ẋ ·WFF[∇ẋ]}dV =
∫

�0

{ηjiBijklηlk}dv, (50)

where �0 is the volume of the body in the current configuration.
We note that at a bifurcation point incremental equilibrium equations (13) with (15) are

satisfied. Hence

ẋ ·div ṡo = ẋj

∂

∂xi

(Bijklηlk)=0 . (51)

If we integrate over the current volume

0=
∫

�0

ẋj

∂

∂xi

(

Bijklηlk

)

dv =
∫

�0

∂

∂xi

(

ẋjBijklηlk

)

dv −
∫

�0

ηjiBijklηlk dv . (52)

Now using the divergence theorem and (15) we find that

0=
∫

∂�0

(

ẋjBijklηlk

)

ni da −
∫

�0

ηjiBijklηlk dv

=
∫

∂�0

ẋj ṡoij ni da −
∫

�0

ηjiBijklηlk dv . (53)

The variation ẋ satisfies the same boundary conditions as the incremental displacement used
in the bifurcation problem, (20) and (21). The first term in (53)2 is identically zero and so
(50) is zero at a bifurcation point. Hence every bifurcation point is neutrally stable.
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4.1. Stability of the trivial solution

Firstly, we consider the stability of the trivial solution λ1 =λ2 =λ. In this case we use W11 ≡
W22 and (44) to write (47) as

W1 >0 , W11 >0 , W11 ±W12 >0 . (54)

We note that the cube appears to be unstable under compression. However, the post bifur-
cation solution in this case corresponds to a incremental rotation; see [16, 17] for a discussion
of this instability. We are concerned with a tensile loading and so we require

W11 >0 , W11 ±W12 >0 . (55)

The three modes for failure of stability are readily identified. If W11 = 0 we have a loss
of ellipticity, the square external shape is maintained but the deformation becomes inhomo-
geneous. This may be excluded by constitutive assumptions made about reasonable material
behaviour. Secondly, if W11 + W12 = 0 we have from (12) a local turning point of the (triv-
ial) loading T . The first such turning point to be encountered will of course be a local max-
imum. While this is technically an instability there is no associated bifurcation and such an
event would usually bring into question the appropriateness of the material model. Finally, if
W11 −W12 =0 we have the bifurcation point (7) where the square cross section becomes unsta-
ble and there is a rectangular alternative. This will also correspond to a turning point of the
non-trivial loading (11). It is possible to construct examples where W11 =0 before, at or after
the bifurcation point. We may also have W11 =0 when there is no bifurcation point. Hence the
trivial solution may become unstable without a bifurcation point or before or after a bifurca-
tion point. Similarly, there is no connection between turning points of the trivial loading and
bifurcation points. We look at the materials used to plot Figure 1a and b.

4.1.1. Case 1
Here we have (32) with (33) and

m=−4 , κ/µ=5 , λ3 =1.5 . (56)

It then follows that

W11 =µ
(

20λ−6 +69λ2
)

/8>0 ,

W11 +W12 =µ
(

20λ−6 +207λ2 −40
)/

8 , (57)

W11 −W12 =µ
(

20λ−6 −69λ2 +40
)/

8 .

Since λ3 =1·5 we have λ�0·854 when there is no lateral loading. As the loading is increased
we see from (572) that W11 +W12 >0 and that there is a single bifurcation point (W11 −W12 =
0 at λ�0·9668) where the square cross-sectional shape becomes unstable.

4.1.2. Case 2
We again have (32) with (33) but

m=−4 , κ/µ=5/4 , λ3 =1 . (58)
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We now have

W11 =µ

(

30+λ8
)

12λ6
>0 , W11 +W12 =µ

(

30+3λ8 +5λ6
)

12λ6
>0 ,

W11 −W12 =µ

(

30−λ8 −5λ6
)

12λ6
. (59)

Clearly, there is again a single bifurcation point (W11 = W12 at λ � 1·285) where the square
cross-sectional shape becomes unstable and the cube assumes a general parallelogram shape.

To demonstrate some slightly more complicated behaviour on the trivial solution we con-
sider a third set of parameters.

4.1.3. Case 3
We start again with (32) and (33) but take

m=−4 , κ/µ=1 , λ3 =1 . (60)

In this case

W11 =µ

(

15−λ8
)

6λ6
, W11 +W12 =µ

(

15−3λ8 +4λ6
)

6λ6
, W11 −W12 =µ

(

15+λ8 −4λ6
)

6λ6

(61)

For this combination of parameters we find two bifurcation points at λ� 1·392, and λ�
1·925. Interestingly, we also have W11 + W12 = 0 at λ � 1·407, and W11 = 0 at λ = 151/8 �
1·403. To illustrate, we plot in Figure 2 the same quantities as those shown in Figure 1a and
b. In particular the upper portion of Figure 2 comprises the trivial deformation, which is the
straight line λ1 =λ2 =λ, and the closed curve of the non-trivial deformation λ2(λ1). We see
that there is only a finite interval for λ1 for which solutions λ2 �= λ1 exist. The intersection
of the trivial and non-trivial solutions give the two bifurcation points. In the lower part of
Figure 2 we plot the corresponding loading (scaled by a factor of 2µ/5). The closed curve is
the non-trivial solution while the parabolic shaped curve which becomes negative is the trivial
loading solution. In this case we see that one bifurcation point occurs at a local maximum of
the non-trivial loading and the other at a local minimum. The trivial loading path also has a
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Figure 2. Plot of the deformation λ2(λ1) and the
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local maximum (not distinguished from that of the non-trivial local maximum with the scale
used in Figure 2) but is in fact slightly higher and later than that of the non-trivial one. We
also note that the two loading paths have a third point of intersection (λ1 �1·1196). This does
not, however, indicate a third bifurcation point. As can be seen from the deformation paths
in the upper part of Figure 2 the trivial and non-trivial deformations at this point are quite
different. This third point of intersection of the loading paths offers the possibility of a snap-
through instability. Finally, we note that for this combination of parameters there is a max-
imum load that can be sustained, W11 +W12 = 0 at λ� 1·407, which, along with the loss of
strong ellipticity (W11 =0 at λ=151/8), may just indicate that it is not a physically meaningful
example.

To get a clear picture of the stability of the different parts of the trivial loading we plot
in Figure 3 the curves of W11, W11 ± W12 which have henceforth been non-dimensionalised
by taking µ= 1. We see that W11 −W12 has two roots corresponding to the two bifurcation
points. However, at least one of the curves plotted is negative after the first bifurcation point
and so the trivial solution is unstable after this point, the second bifurcation point does not
return us to a stable (trivial) configuration.

4.2. Stability of the non-trivial solution

To obtain the non-trivial solution we first solve (6) for λ2 =λ2(λ1) and then use this for any
further calculations. For λ1 �=λ2 the stability criteria (47) fails since, from (43) with W1 =W2

we have W1221 =−W1212. Hence all non-trivial solutions are neutrally stable at best. This was
also found to be the case for incompressible materials; see [5, Section 6.3.2]. For neutral sta-
bility (rather than instability) we then require

W11 ≥0 , W22 ≥0 , W11W22 −W 2
12 ≥0 . (62)

4.2.1. Case 1
Here the material parameters are given by (56). This is the most straightforward case of a
simple pitchfork type bifurcation. We recall from Figure 1a that the non-trivial loading has
a single simple local minimum at the single bifurcation point. In Figure 4 we plot the non-
dimensionalised curves of W11, W22 and W11W22 −W 2

12. We see from Figure 4 that the entire
non-trivial loading is neutrally stable it does not become unstable. For this particular case we
then have a standard result. The trivial solution is followed until the bifurcation point and
then one of the non-trivial branches becomes the preferred solution.

4.2.2. Case 2
In this case the material parameters are given by (58). In Figure 5 we plot the curves of W11,
W22 and W11W22 − W 2

12. We see that W11 and W22 are always positive and so ellipticity is
maintained and this does not effect the stability of the body. However W11W22 −W 2

12 has a
local maximum (of zero) at the bifurcation point. It also has two other zero’s at the two turn-
ing points of the non-trivial loading T ; see Figure 1b. Hence we can deduce that the non-triv-
ial loading is unstable in the neighbourhood of the bifurcation point and remains unstable
until the loading reaches a local minimum at which point the non-trivial deformation becomes
neutrally stable. Here we would expect the loading to follow the stable trivial solution as far
as the bifurcation point. The solution will then jump (horizontally in Figure 1b) to one of
the neutrally stable non-trivial branches with the same numerical value of the load.
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4.2.3. Case 3
Here the strain-energy function is again (32) and (33) with parameters (60). In this case λ2(λ1)

formes a closed curve, as shown in Figure 2 above. In Figure 6 we plot the three curves of
W11, W22 and W11W22 − W 2

12 which are also closed curves. Obviously one or more of these
curves are negative throughout the range of existence of the non-trivial solution and so it is
always unstable. We see that the flat sideways figure of eight curve for W11W22 −W 2

12 has two
double zero’s at the bifurcation points. For case three a comparison of Figures 2, 3 and 6
give the overall deformation and stability results. As we increase the loading from the unde-
formed configuration the trivial solution is stable. At the first bifurcation point (λ � 1·392)
this becomes unstable but the rectangular non-trivial solution is also unstable. Perhaps this is
not surprising given that there is a global maximum attainable load.

5. Alternative stability analysis

We now apply the method introduced by Chen and Haughton [12]. This is of course not nec-
essary for this problem. However, it affords the opportunity to look at the resulting differen-
tial equations when the stability results are known from that presented above.
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The inequality (40) with (45) involves the integral of a quadratic function of two pertur-
bations u and v. We shall impose the boundary conditions used for the bifurcation analysis
(20). First we expand the functions u(X,Y ) and v(X,Y ) into series in Y:

u(X,Y )= f0(X)

2
+

∞
∑

n=1

fn(X) cos ᾱY , (63)

v(X,Y )=
∞
∑

n=1

gn(X) sin
nπY

A
=

∞
∑

n=1

gn(X) sin ᾱY . (64)

After a little work the stability criterion (40) with (45) can then be written as
∫ A

0

[∞
∑

n=1

{W11(f
′)2 −2ᾱ(W1221fg′ −W12f

′g)+ ᾱ2(W22g
2 +W1212f

2)+W1212(g
′)2}

+W11(f
′
0)

2

2A

]

dX >0 , (65)

where we have now omitted the subscript n from f and g and a dash indicates differentiation
with respect to X.

We shall consider the different mode numbers n individually. Firstly, for n=0 the stability
criterion (65) reduces to

W11

∫ A

0
(f ′

0)
2 dX >0 , (66)

and hence we recover (471) the strong ellipticity condition. For the general case n>0 we now
introduce arbitrary functions (integrating factors) yi(X), i =1,2,3, and write (65) as

∫ A

0

∞
∑

n=1

{


2
1 +
2

2 +2y1f
′f +2y2(f

′g +fg′)+2y3g
′g

+f 2

(

ᾱ2W1212 − y2
1

W11
− (ᾱW1221 +y2)

2

W1212

)

+2fg

(
y1(ᾱW12 −y2)

W11
− y3(ᾱW1221 +y2)

W1212

)

+g2

(

ᾱ2W22 − (ᾱW12 −y2)
2

W11
− y2

3

W1212

)}

dX >0 , (67)

where


1 = 1√
W11

(

W11f
′ −y1f + (ᾱW12 −y2)g

)

, W11 >0 ,


2 = 1√
W1212

(

W12121g
′ −y3g − (ᾱW1221 +y2)f

)

. (68)

Recall that the Baker-Ericksen inequalities give W1212 > 0. Since the y
′
is are arbitrary, we

may now set

y′
1 = ᾱ2W1212 − y2

1

W11
− (ᾱW1221 +y2)

2

W1212
,

y′
2 = y1(ᾱW12 −y2)

W11
− y3(ᾱW1221 +y2)

W1212
, (69)

y′
3 = ᾱ2W22 − (ᾱW12 −y2)

2

W11
− y2

3

W1212
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with

yi(0)=0, i =1,2,3. (70)

Substituting (69) in (67) we have the stability criterion

∫ A

0
{
2

1 +
2
2 +f 2y′

1 +g2y′
3 +2fgy′

2 +2y1f
′f +2y2(f

′g +fg′)+2y3g
′g}dX >0 , (71)

where we now have implied summation over n. Integrating by parts and using (70) we finally
have the stability criterion in the form

∫ A

0
{
2

1 +
2
2}dX +

[

f 2y1 +2fgy2 +g2y3

]∣
∣
∣
A

>0 . (72)

For stability of the deformed body it is clearly sufficient for the matrix
(

y1(A) y2(A)

y2(A) y3(A)

)

(73)

to be positive semi-definite. It is also easy to see that this condition is necessary. If (73) is not
positive semi-definite then there are numbers p and q such that

p2y1(A)+q2y3(A)+2pqy2(A)<0.

We can then choose f , g to be functions which make 
1 and 
2 identically zero, see (58),
with f (A)=p, g(A)=q. In this case Ë <0.

The problem of assessing the full non-linear stability of a body in a particular configura-
tion then reduces to that of solving the initial-value problem (69) with (70) and evaluating the
matrix (73). This is in principle a straightforward calculation. We can determine any change
in stability to within the accuracy of the numerical methods used.

6. Comparison of stability results

In this section, we present some calculations to compare the stability condition, the positive
definiteness of (73), with known results.

Firstly, we make a change of variables;

s = ᾱ X , yi(X)= ᾱ Yi(s) , (74)

so that (69) and (70) become

Y ′
1 =W1212 − Y 2

1

W11
− (W1221 +Y2)

2

W1212
,

Y ′
2 = Y1(W12 −Y2)

W11
− Y3(W1221 +Y2)

W1212
, (75)

Y ′
3 =W22 − (W12 −Y2)

2

W11
− Y 2

3

W1212
,

where a prime now denotes differentiation with respect to s. The initial conditions are

Yi(0)=0, i =1,2,3. (76)
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The stability criterion, positive definite matrix (73), can then be written

Y1(nπ)>0 , Y3(nπ)>0 , Y1(nπ)Y3(nπ)−Y 2
2 (nπ)>0 . (77)

It is now clear that the physical dimensions (A) of the block play no part in the stability of
the deformation, as we would expect. We now focus attention on the case n=1.

If we rewrite (75) in the form

Y ′
1 = (W 2

1212 −W 2
1221)

W1212
− Y 2

1

W11
− Y2(2W1221 +Y2)

W1212
,

Y ′
2 = Y1(W12 −Y2)

W11
− Y3(W1221 +Y2)

W1212
, (78)

Y ′
3 = (W11W22 −W 2

12)

W11
+ (2W12 −Y2)Y2

W11
− Y 2

3

W1212
,

then it is easy to see that there is a solution Yi ≡0 at

(W 2
1212 −W 2

1221)

W1212
=0 and

(W11W22 −W 2
12)

W11
=0 . (79)

In general we will have only one parameter at our disposal at this stage (λ1) and so it will only be
in exceptional cases that we will be able to satisfy both conditions in (79) simultaneously. How-
ever, on the trivial solution we have W11 ≡W22 and, from (44), W 2

1212 −W 2
1221 =W1(W11 −W12)/λ.

Hence we can see that, on the trivial solution, (79) is W11 =±W12. We then have either a bifur-
cation point, (7), or a turning point of the trivial loading (12). This is then the mechanism
whereby any bifurcation point is neutrally stable. For other (inhomogeneous) problems that we
have considered using this method [12–14], this particular type of solution was not available.

6.1. Numerical results

6.1.1. Case 1
The numerical solution of (75) with (76) to evaluate Yi(π) is surprisingly difficult. Starting
with the initial configuration λ3 = 1·5 and zero lateral loading (λ1 =λ2 � 0·854) we find that
Y1(π)�Y3(π)�3·2, Y2(π)�−0·25 and Y1(π)Y3(π)−Y 2

2 (π)�10·5, having non-dimensionalised
Yi with respect to µ. All three curves are then monotonically decreasing towards zero at the
bifurcation point. In Figure 7a we plot the curves of Y1(π) and the determinant Y1(π)Y3(π)−
Y 2

2 (π) near the bifurcation point. (Y3(π) is virtually indistinguishable from Y1(π) and so it
has been omitted for clarity). As can be seen from Figure 7a Y1(π) and Y3(π) both have sim-
ple zero’s at the bifurcation point while the determinant has a double root. Also from Fig-
ure 7a we see that Y1(π) and Y3(π) quickly become very large and negative as λ1 is increased.
We also find that Y2(π) becomes very large and negative. The numerical methods that we have
tried all fail to find Yi(π) with any reasonable accuracy once λ1 is increased much beyond the
bifurcation point. However, it is easy to see from (75) that once we have Y1(π) and Y3(π)

large (and negative) compared to the constant terms in (75) and Y2(π) is large and negative
then this situation will persist for finite changes in λ1. This then allows us to deduce that the
trivial solution will be unstable for all values of λ1 greater than the bifurcation value.

If we now consider the non-trivial solution path we find that the numerical calculations
are much simpler. In Figure 7b we plot the stability curves. As can be seen there is no sin-
gular behaviour. As λ1 becomes large Y1(π) and Y2(π) appear to approach asymptotes while
Y3(π) increases no more than linearly with λ1. As can be seen, all curves are positive apart
from zero’s at the bifurcation point and so the non-trivial solution is neutrally stable.
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Figure 7. Plot of Y1(π), Y3(π) and Y1(π)Y3(π)−Y 2
2 (π) for material (32) with m=−4, κ/µ=5 and λ3 =1·5: (a) on

the trivial path, (b) on the non-trivial path.

6.1.2. Case 2
From Figures 1b and 5 there are three points of interest which correspond to the three turn-
ing points of the non-trivial loading. Firstly, on the trivial solution we increase λ1 from its ini-
tial value of unity and calculate the resulting values of Y1(π)�Y3(π) and Y1(π)Y3(π)−Y 2

2 (π).
Initially Yi(π), i=1,2,3 all take values between zero and 1·5. The determinant is positive and
so we have a stable configuration. As λ1 is increased Y1(π) and Y3(π) have simple zero’s and
the determinant has a double root at the bifurcation point. After this point Y1(π) and Y3(π)

quickly become large and negative while the determinant becomes large and positive. We have
a similar plot to that of Figure 7a.

We now look at the non-trivial solution path. In Figure 8a we plot values of Y1(π), Y3(π)

and 75(Y1(π)Y3(π)−Y 2
2 (π)) in the neighbourhood of the first turning point of the non-trivial

loading curve (λ1 � 0·684), see Figure 1b. We note that Y1(π) and Y3(π) have simple zeros
while the determinant (multiplied by 75 for clarity) has a double root. The non-trivial load-
ing between the first local minimum and maximum (bifurcation point) is then unstable. The
loading to the left of the first minimum is neutrally stable. Yi(π) become large and incalcula-
ble as λ1 increases. However, as we approach the bifurcation point (λ1 �1·285) we have details
as shown in Figure 8b. Both Y1(π) and Y3(π) have local maxima of zero while the determi-
nant has a local minimum of zero. The negative values of Y1(π) and Y3(π) means that the
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rial (32) with m=−4 , κ/µ=5/4 , λ3 =1: (a) near local maximum, (b) near the bifurcation point.
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solution continues to be unstable. Finally as we approach the second turning point of the
non-trivial loading λ1 � 5·33 we again find the numerical method breaks down. By choos-
ing a small enough interval around the turning point we can confirm that Y1(π), Y3(π) and
Y1(π)Y3(π)−Y 2

2 (π) are all positive after the turning point, as the exact stability analysis indi-
cated, see Figure 5 and the discussion of it.

6.1.3. Case 3
In Figure 9 we plot the stability curves around the first bifurcation point (λ1 =1·392) on the
trivial solution path. We note that we have a loss of ellipticity (W11 = 0) at λ1 = 1·403 which
reverses the signs of Yi(π) as they pass through a vertical asymptote. There is also a triv-
ial loading maximum W11 + W12 = 0 at λ1 = 1·407. In Figure 9 the almost vertical lines of
Y1(π)�Y3(π) are both moving from positive to negative values as λ1 increases. Clearly, the
differential equations pick out the loss of stability at the first bifurcation point λ1 � 1·392.
Using a finer scale we find that we have a picture qualitatively similar to that shown in Fig-
ure 7a. It is also easy to conclude that the solution is unstable after λ1 � 1·404. However,
using a finer scale we find that there are three distinct zeros around this point, successively,
one for each of Y1(π), Y3(π) and the determinant.

If we increase λ1 on the trivial solution path towards the second bifurcation point (λ1 �
1·925 we obtain the stability curves shown in Figure 10. The determinant has a double root
and both Y1 and Y3 have simple roots at the bifurcation point. However, we see that there is
a region where all three curves are positive which would indicate a stable solution if we did
not have W11 < 0. This seems to suggest the loss of ellipticity makes the method unreliable.
Of course the method is originally set up with the assumption that W11 > 0, see (68), and it
seems that we cannot just push the numerical calculations past this value. We can only deter-
mine stability in an elliptic regime which is not really a drawback since deformations where
ellipticity is lost will be unstable by definition.

If we move on to the non-trivial solution then we can plot two versions of the stability
curves depending on which of the two solutions for λ2(λ1) that we choose; see Figure 2. At
the first bifurcation point we have the results shown in Figure 11. The horizontal non-zero
curve is Y1(π)Y3(π)−Y 2

2 (π) evaluated for the upper λ2 solution. Both Y1(π), and Y3(π) for
the upper solution are positive but out of the range of Figure 11. The U-shaped curve is
the determinant for the lower solution and the negative curve corresponds to both Y1(π) and
Y3(π) for the lower solution. Since Y1(π) and Y3(π) are negative on either side of the bifur-
cation point this branch of the non-trivial solution is unstable. But the fact that Y1(π), Y3(π)
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with (60).
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and the determinant are positive on the upper branch suggests that this solution is stable.
This contradicts the exact stability results shown in Figure 5 where W11W22 −W 2

12 <0 for all
nontrivial solutions and so they are unstable. The explanation for this is again the sign of
W11. In Figure 5 the lower portion of the W11 curve corresponds to the upper branch of the
λ2(λ1) curve. Hence for the range of Figure 11 W11 <0 for the upper branch and the stability
equations are not valid.

Finally, if we approach the second bifurcation point we find that all of the stability curves
Yi(π) and the determinants are positive. This again contradicts the exact stability results but
we now have W11 <0 for both branches of the non-trivial solution as can be seen in Figure 5.

7. Conclusions

We have seen that the bifurcation and stability analysis for the two dimensional plain strain
version of Rivlin’s cube for compressible materials is straightforward. For an arbitrary mate-
rial quite general results can be found. We have shown that bifurcation points are neutrally
stable and must occur at turning points of the non-trivial loading. We have also found that
the non-trivial deformation is at best neutrally stable. This is also the case for incompressible
materials, [5]. Finally we have shown that the non-trivial (post-bifurcation) path can change
from being neutrally stable to being unstable only at turning points of the loading. By choos-
ing the class of strain-energy functions (32) a wide range of behaviour can be found in a rel-
atively small range of constitutive parameters.

For the stability method of Chen and Haughton [12] we have found several interesting results.
Firstly, the setting up of the problem requires attention. In particular it is not possible to obtain
reliable results if ellipticity has been lost and this is evident from the form of the original argu-
ment of the second variation. Numerical calculations are routine for moderate deformations in
the elliptic regime up to bifurcation points but can become difficult for larger deformations. It
may be possible to extend the range of useful results by a re-scaling of the equations but we
have not attempted that here. Our calculations here and in previous work suggest that it is the
determinant (of the stability matrix) that will determine the stability of the deformation. The
zeros of leading minors will play a role only in special cases. Since the determinant assumes the
dominant role the numerical methods used should anticipate this.



98 D.M. Haughton

The method given in [12–14] is quite general and its use is not restricted to nonlinear elas-
ticity. Any analysis of a second variation can, at least potentially, benefit from an appropri-
ate application of the method. We plan to look at other problems from a variety of different
sources in the future.
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